ABSTRACT: An adsorption isotherm has been suggested for the intended description of the experimental isotherms for the adsorption of gases and vapours on heterogeneous surfaces. Two parameters of the suggested equation, which characterize the heterogeneity of a sorbent, were expressed in the form of explicit functions of temperature as well as of variance and the excess coefficient for the corresponding energy distribution of adsorption sites. The presence of such explicit expressions allowed the application of the suggested equation for the description of the dependence of the adsorption not only on pressure but also on temperature. The adsorption of N 2 on TiO 2 was considered as an example. It was shown that the suggested equation could be used as the thermal equation of state for a real adsorption system over quite wide ranges of temperature and pressure.
INTRODUCTION
The overall adsorption isotherm for a heterogeneous sorbent may be represented in the form of the following integral (Mamleev et al. 1989; Rudzinski and Everett 1991) : e max Q s (P,T) = ò Q(P,T,e) r(e)de
(1) e min where Q s (P,T) = a(P,T)/a m is the surface coverage (for the overall adsorption isotherm); a(P,T) = the extent of adsorption; a m = monolayer capacity; Q s (P,T,e) = local adsorption isotherm which characterizes the adsorption on separate parts of the heterogeneous surface; r(e) = distribution function of adsorption sites in terms of the energy of adsorption (this function defines the fraction of sites whose energy of adsorption falls within the interval e to e + de); P = pressure; T = temperature; while e min and e max are the lower and upper limits of the adsorption energy.
One method of applying equation (1) involves the determination of the functions r(e) and Q s (P,T,e) in such a way as to allow integral (1) to be calculated in its explicit form. The integral is subsequently used for approximating the experimental data. The advantage of using explicit expressions for the overall adsorption isotherm is that they can be conveniently applied when designing and optimizing the various functional modes of an adsorption apparatus (Sircar and Myers 1988; Yun et al. 1998) .
Quite a large number of equations for the overall adsorption isotherm have been derived through use of the above-mentioned method (Sircar and Myers 1988) . In most cases, however, the distribution functions r(e) arising from these equations are dependent on temperature, although such † First presented at the 5th Ukrainian-Polish Symposium on Theoretical and Experimental Studies of Interfacial Phenomena and their Technological Applications, Odessa, Ukraine, 4-9 September 2000. *Author to whom all correspondence should be addressed. dependence should not exist since it has no physical meaning. The 'unphysical' temperature dependence appears to arise from the fact that, when an analytical solution of equation (1) is being sought with respect to the function r(e), one has to pass from the variable e to a new variable exp(e/RT) (Temkin and Levich 1946; Sips 1948) which results in the distribution function being dependent not on the adsorption energy but on e/RT. For this reason, the derived equations cannot be applied for describing experimental data measured at various temperatures. However, if they are indeed used for this purpose, it is necessary to undertake additional work to find regression equations that describe the temperature dependence of these isotherm parameters.
For this reason, use should preferably be made of equations corresponding to distribution functions that do not depend on temperature, because such equations can describe the dependence of adsorption both on pressure and on temperature when the parameters employed are constant. However, available information about such equations is very scanty. Among equations derived on the basis of the local Langmuir isotherm, only one equation of this kind appears to exist that corresponds to a rectangular distribution of adsorption sites.
Here we describe a new equation for overall adsorption isotherms, with the equation being based on a local Langmuir isotherm. The distribution function corresponding to the suggested equation is also dependent on temperature, but because the parameters of this equation are expressed explicitly through moments of the appropriate distribution function, this equation can describe the dependence of adsorption both on pressure and on temperature for constant parameters.
The equation advanced contains three parameters h, x, n that characterize the distribution of adsorption sites in terms of their energy of adsorption and, therefore, enables one to describe the experimental data to a better degree of accuracy than attained with an equation containing two such parameters.
THEORETICAL
The suggested equation for adsorption isotherms has the following form:
where R = universal gas constant, n = dimensionless parameter ranging from 0 to 1; h = parameter possessing energy dimensions and ranging from zero to infinity;
; where b 0 = pre-exponential factor which is identical to the pre-exponential factor b 0 in the Langmuir equation; and x = mean value of the adsorption energy. The distribution function corresponding to the overall adsorption isotherm (2) can be obtained using the method advanced by Temkin and Levich (1946) and Sips (1948) . In compliance with this method, the solution of equation (1) for a local Langmuir isotherm is given by the following formula:
2piRT where f 1 (e) is the function determined from the overall adsorption isotherm as a result of substituting the expression exp(-e/RT + ip)/b 0 for the pressure P, f 2 (e) is the function determined from the overall adsorption isotherm as a result of substituting the expression exp(-e/RT -ip)/b 0 for the pressure P, and i is the unit imaginary number.
On making allowance for the fact that in the case under consideration the overall adsorption isotherm is given by equation (2), functions f 1 (e) and f 2 (e) acquire the following form:
Substitution of expressions (4) and (5) into equation (3) and the subsequent transformations performed to eliminate the unit imaginary number give the following formula for the distribution function of adsorption sites in terms of the energy of adsorption:
The choice of Arcsine values in equation (6) should be made according to the following rule:
where arcsin(x) is the main value of the multiple-valued function Arcsin(x), x = 2CD/(C 2 + D 2 ). As a result, adsorption isotherm (2) can be represented in the following form:
The distribution moments g(e) can be calculated in the explicit form. In order so to do, the distribution g(e) should be represented as a convolution of a rectangular distribution of adsorption sites, with their distribution corresponding to the Langmuir-Freundlich isotherm. The rectangular distribution has the following form:
In the case of the local Langmuir isotherm it corresponds to the following overall adsorption isotherm (Sircar and Myers 1988):
The constants h, A 1 and A 2 in equation (9) coincide with the corresponding constants in equation (2).
The overall Langmuir-Freundlich isotherm has the following form: 
In order to obtain the convolution equation representing the distribution g through distributions s and t, adsorption isotherm (2) should be transformed as follows: (12) corresponds to the overall adsorption isotherm (2) while the integral is associated with the Langmuir-Freundlich isotherm and the rectangular distribution. The parameter x involved in the Langmuir-Freundlich isotherm has been transformed using x and the integration is performed with respect to this parameter. The fact that equation (12) applies can be readily corroborated by evaluating the integral. Now, if the expression for the Langmuir-Freundlich isotherm transformed using the Langmuir isotherm and the distribution t(e), i.e. the expression KP ò ------t(e) d(e) 1 + KP are both substituted into equation (12), the overall adsorption isotherm (2) may be represented as follows:
1 + KP ë û
The integral òt(e)s(x) dx can be written in the form of the convolution òt*(e -x)s(x) dx, where t* is the distribution obtained from distribution t by moving it along the energy axis a distance equal to x. Then, since x denotes the mean value of distribution t, the mean value of distribution t* is equal to zero. All the central moments of distribution t* coincide with the central moments of distribution t.
Thus, the overall adsorption isotherm (2) corresponds simultaneously to both distribution g and to the convolution of distributions s and t*. Assuming that there is only one analytical solution of equation (1) in this case, it is possible to infer that distribution g(e) is equal to the convolution of distribution s(e) with distribution t*(e):
g(e) = ò t*(e -x)s(x) dx (14) Calculation of the convolution immediately establishes that equation (14) does apply.
According to the familiar theorem of the theory of probabilities, cumulants of a distribution represented in the form of two other distributions are equal to the sum of the cumulants of these distributions (van Kampen 1990) . Thus, the cumulants of distribution g are equal to the sum of the cumulants of the distributions s and t*. And, since all the cumulants of distribution t* except the first are equal to the cumulants of distribution t, in order to determine the cumulants of distribution g it is necessary to calculate the cumulants of distributions s and t. The cumulants of distribution s require just simple calculations, while the cumulants of distribution t can be found with the aid of the residue theorem.
Through substitution of the variable x = exp[n(e -x 2 )/RT], the central moments of distribution t, viz. M k = ò(e -x 2 ) k t(e) de, can be represented as follows:
è n ø np where I k denotes the integrals Integrals I k can be calculated by applying a standard approach developed in the theory of functions of complex variables (Myshkis 1971) . Application of the residue theorem yields relationship (17) which is used for the sequential determination of integrals I k for different values of k. This relationship has the form:
where P(x) is a quadratic trinomial in the denominator of the sub-integral expression (16), Res 1 is the residue at z = z 1 , Res 2 is the residue at z = z 2 , while z 1 and z 2 are complex zeros of P(x), viz. z 1 = -cos(np) + i sin(np), z 2 = -cos(np) -i sin(np). After obvious transformations, the right-hand side of expression (17) acquires the form: 
while at k = 5 we find integral I 4 , i.e.
I 4 = (14n -20n 3 + 6n 5 )p 5 /30 sin(np)
By substituting equations (19) and (20) into equation (15), it is possible to determine the variance and fourth central moment of distribution t. Then, using the familiar relationship between the central moments and cumulants (Korn and Korn 1984) , one can find the fourth cumulant. Further, by adding the cumulants of distribution t and the cumulants of the rectangular distribution, the following expressions for the variance and fourth cumulant of distribution g may be obtained:
Furthermore, from equations (21) and (22), the parameters n and h involved in adsorption isotherm equation (2) can be expressed in terms of the moments of the corresponding distribution g. As a result, parameters n and h may be written as:
where d = 3(s/pRT) 2 is the dimensionless variance; g = 1.2k 4 /s 4 is the parameter proportional to the excess coefficient which ranges from -1 to 1 + 2/d [from equation (23)]. For the condition n < 1, it follows that g > -1; while for the condition that the sub-radical expression in equation (24) is non-negative, it follows that g < 1 + 2/d.
RESULTS
Distributions (6) calculated at constant values of the parameters x and s but at different values of the parameter g are displayed in Figure 1 . At g = -1, distribution (6) is converted into the rectangular distribution, and at g = 1 + 2/d it is converted into distribution (11) corresponding to the Freundlich isotherm.
Thus, from equations (23) and (24), it is evident that one can use parameters s and g for parameters n and h in the expression for the adsorption isotherm given in equation (2). Parameters s and g are distinguished by their clear physical meaning, namely they are the variance and excess coefficient of the distribution of adsorption sites expressed in terms of the energy of adsorption. Since the distribution of adsorption sites does not depend on temperature, parameters s and g should also not depend on the temperature. Hence, they may be determined by minimizing the root-mean-square deviation of the calculated adsorption obtained from experimental values measured not only at the same temperature but also at different temperatures. As a result, the five parameters of the isotherm determined in this way allow an immediate description of the dependence of the adsorption both on pressure and on temperature. In this case, it is also possible to obtain an immediate determination of the mean value of the adsorption energy x, something which is impossible to obtain via approximation of the individual isotherms.
As seen from equations (23) and (24), in contrast to parameters s and g, the magnitudes of parameters n and h depend on the temperature, i.e. at different temperatures they should assume different values. Hence, experimental points obtained at different temperatures cannot be taken into consideration when minimizing the root-mean-square deviation with respect to parameters n and h. These parameters can only be determined on the basis of one isotherm, and this places a limitation on their use.
As an example of the application of isotherm (2) for the description of real experimental data, the results obtained in describing the data for nitrogen adsorption on rutile reported by Drain and Morrison (1953) are presented. In this particular case, since the authors were concerned with multimolecular adsorption this excluded the direct application of equation (2). However, this equation can be transformed into one that describes multimolecular adsorption by rewriting equation (1) so that the BET local isotherm is taken into account rather than the Langmuir local isotherm. The BET multimolecular adsorption isotherm may be obtained from the Langmuir isotherm by division of the latter by (1 -x) and substitution of the pressure P by the expression P 0 x/(1 -x), where P 0 is the saturated vapour pressure of the sorbate and x = P/P 0 is the relative pressure. Since integration of equation (1) with respect to adsorption energy does not involve the pressure, division of the local isotherm by (1 -x) and the substitution of P by P 0 x/(1 -x) will provide exactly the same transformation of the overall isotherm. As a consequence, there will be a correspondence between the BET local isotherm and the overall adsorption isotherm as obtained from isotherm (2) by its division by (1 -x) and the substitution of P by P 0 x/(1 -x):
The equation as transformed in this way was applied for describing six isotherms measured at 75 K, 85 K, 100 K, 125 K, 140 K and 170 K, respectively. However, the equation was used for data corresponding to relative pressures less than 0.2 because the approximation error for the points obtained increased sharply at higher relative pressures. This increase arose because the BET equation was only intended to describe experimental data over a limited range of relative pressures.
The values of the saturated vapour pressure for nitrogen at 75 K, 85 K, 100 K and 125 K (0.7609, 2.287, 7.775 and 32.05 bar, respectively) were obtained from Vargaftik (1972) , with the adsorption being assumed to be purely monolayer at temperatures above the critical temperature of nitrogen. The minimum root-mean-square deviations of the adsorption values from the experimental values were found via a simplex method which gave the following optimum values for the parameters of isotherm (25): a m = 957.64 cm 3 ; b 0 = 1.4161 × 10 -8 Torr -1 ; x = 12.556 kJ/mol; s = 4.6738 kJ/mol; and g = 0.47096. For these particular parameter values, the root-mean-square deviation turned out to be equal to 5.13 cm 3 . The calculated and experimental isotherms are depicted in Figure 2 , while the three distributions calculated for 75 K, 125 K and 170 K are displayed in Figure 3 . It will be seen from Figure 3 that the distributions calculated for the different measurement temperatures differ slightly from each other and, for this reason, it is not possible to be fully confident that an identical root-mean-square deviation can be obtained in that case where the distribution does not depend on the temperature. To find out whether any changes occurred in the root-mean-square deviation when all the theoretical isotherms were calculated for one and the same distribution, additional calculations were performed taking account of the optimum values of parameters a m , b 0 , x, s and g, as well as of distribution (6) calculated at 125 K which was used as a temperature-independent distribution. In this case integral (1) was evaluated numerically, since it cannot be evaluated analytically for temperatures other than 125 K. The adsorption isotherms calculated in this way were virtually identical to those displayed in Figure 3 , the root-mean-square deviation of these isotherms from those obtained experimentally being equal to 5.22 cm 3 . Thus, the 'unphysical' dependence of the distribution on temperature has almost no effect on the results of the calculations. All the calculated isotherms shown in Figure 3 may be regarded as isotherms corresponding to the one and same distribution of adsorption sites.
In addition, calculations were performed to find out if the parameter g that characterizes the shape of the distribution plays any substantial role in the case examined. It should be noted that the experimental data were described with the help of an adsorption isotherm that had only two parameters (x and s) rather than three for characterizing the distribution of adsorption sites. For such calculations, adsorption isotherm (9) corresponding to the rectangular distribution was employed. As for equation (2), equation (9) was transformed into an equation for multimolecular adsorption, the transformation yielding an equation which differed slightly from equation (25), viz. the parameters n and g involved in equation (25) ; x = 11.873 kJ/mol; and s = 3.942 kJ/mol. At these parameter values the root-mean-square deviation turned out to be equal to 15.4 cm 3 , indicating that the accuracy of data description in this case was considerably worse: in fact, the root-mean-square deviation increased by a factor of three. Thus, it may be inferred that the introduction of parameter g characterizing the shape of the distribution allows a considerably better description of the experimental data. Hence, such an introduction is justified and useful.
CONCLUSIONS
In summary, an equation has been suggested for adsorption isotherms involving heterogeneous sorbents. It is consistent with the Langmuir isotherm for local adsorption and with the distribution of adsorption sites in terms of their energy of adsorption. This is equal to the convolution of a rectangular distribution with a distribution corresponding to the Langmuir-Freundlich isotherm. The equation contains five parameters, viz. the adsorption capacity a m , the entropy factor b 0 , the mean value of the adsorption energy x, and two parameters n and h which characterize the width and shape of the distribution of adsorption sites expressed in terms of the energy of adsorption. Moments of the distribution corresponding to the suggested equation may be expressed in an explicit form so that parameters n and h which characterize the heterogeneity of the sorbent are expressed as functions of temperature as well as the variance and excess coefficient for the distribution of adsorption sites in terms of the energy of adsorption.
As an example, it has been shown that at constant values of a m , b 0 , x, s and g the suggested equation correctly represents the dependence on both temperature and pressure of the experimental data for nitrogen adsorption on a rutile surface.
Values of the parameters of the suggested equation for a particular adsorption system should be determined by minimizing the root-mean-square deviation of the calculated adsorption values from experimental data obtained by measurements at not less than two temperatures.
For those non-porous sorbents where the adsorption capacity may be considered to be independent of temperature, the values of the parameters a m , b 0 , x, s and g should be optimized. For porous sorbents, it is first necessary to establish the form of the dependence of the adsorption capacity on the temperature. If, for example, this dependence has the form a m = A/T, whose application over a limited temperature interval often results in a satisfactory agreement with experimental data, optimization should be performed for the parameters A, b 0 , x, s and g.
If the values of the parameters s and g are known, those of parameters n and h should be calculated from equations (23) and (24). If the values of parameters a m , b 0 , x, n and h are known, the adsorption values should be calculated from equation (2). In the latter case, equation (6) can be applied for the calculation of values of the distribution function of adsorption sites in terms of their energy of adsorption, as is consistent with the suggested equation.
